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Vibrational optical activity (VOA) of chiral molecules in condensed phases can be studied by using vibrational
circular dichroism and Raman optical activity measurement techniques. Recently, IR-vis sum frequency
generation has shown to be an alternative VOA measurement method. Such a three-wave-mixing method
employing a polarization modulation technique can be a potentially useful VOA measurement tool. Here, a
theoretical description of difference frequency generation (DFG) employing circularly polarized visible
radiations is presented. Frequency scanning to obtain a VOA-DFG spectrum is achieved by controlling the
difference between the two electronically nonresonant incident radiation frequencies. If the two incident beams
are linearly polarized and their polarization directions are perpendicular to each other, one can selectively
measure the all-electric-dipole-allowed chiral component of the DFG susceptibility. In addition, by using
circularly polarized beams and taking the DFG difference intensity signal, which is defined as the difference
between left and right circularly polarized DFG signals, additional chiral susceptibility components originating
from the electric quadrupole transition can be measured. The DFG as a novel VOA measurement technique
for solution samples containing chiral molecules will therefore be a useful coherent spectroscopic tool for
determining absolute configuration of chiral molecules in condensed phases.

I. Introduction

A better understanding of optical activity properties is very
important for studies of the molecular basis of various biological
activities, because most natural products and biomolecules such
as proteins and nucleic acids exhibit a variety of interesting
optical activities.1 The optical activity is, by definition, related
to a differential interaction of a chiral molecule with left and
right circularly polarized (LCP and RCP) radiations.2 Although
IR absorption spectroscopy has served as an excellent and useful
tool for studying structure and dynamics of complex molecules,3

the IR analogue of circular dichroism, which is called vibrational
circular dichroism (VCD), is sensitive to absolute configuration
of chiral molecules in condensed phases and has been found to
bebetter infrequencyresolutionthanIRabsorptionspectroscopy.4-9

Note that the VCD measures the differential absorbance of LCP
and RCP IR radiation by a chiral molecule so that the VCD
peak can have either positive or negative sign depending on
the angle between the transition electric and magnetic dipoles
of a given vibrational excitation. This additional sign information
is crucial for the structure determination of a chiral molecule.

A Raman version of vibrational optical activity spectroscopy
is the Raman optical activity (ROA), which has been extensively
used since its discovery by Barron and co-workers.10-14 Here,
the ROA is usually determined by measuring the circular
intensity difference ∆I () I(R) - I(L), where I(R) and I(L) are
the Raman scattering field intensities when the incident radiation
is right and left circularly polarized, respectively).14,15 ROA
technique has become a powerful chiro-optical measurement

tool, which is applicable to a wide range of chiral samples, from
small organic molecules to intact viruses. These two different
methods, VCD and ROA, can provide complementary informa-
tion on the vibrational optical activity of a chiral molecule.

In addition to these VOA measurement techniques, it was
experimentally demonstrated that the IR-visible sum frequency
generation (IV-SFG) technique can be an alternative VOA
measurement tool.16-21 Although IV-SFG spectroscopy has been
extensively used to study vibrational dynamics of adsorbed
molecules on surfaces or at interfaces,22-33 it can also be applied
to chiral molecules in solutions to measure the corresponding
vibrational optical activity susceptibility. An early experiment
was performed by using linearly polarized IR and visible
radiations to generate the IV-SFG signal field.16 To successfully
carry out the IV-SFG measurements for chiral molecules in an
isotropic medium, the polarization directions of the two incident
radiations and the IV-SFG electric field vector had to be properly
controlled so that they were mutually perpendicular to one
another. Then, the chiral component of the susceptibility was
found to be measurably large when the antisymmetric Raman
tensor elements of a chiral molecule did not vanish. Later, we
theoretically showed that there exist different types of VOA
SFG techniques utilizing circularly polarized radiations.34-37 The
circular intensity difference, which is defined as the difference
between the IV-SFG signal with an LCP radiation and that with
an RCP radiation, was found to be chirality-sensitive.

In this article, we shall present a quantum electrodynamics
theory on the difference frequency generation, which is believed
to be an alternative and potentially useful vibrational optical
activity measurement technique for chiral molecules in solutions.
If the difference frequency is close to one of the vibrational
frequencies of a chiral molecule in an isotropic medium, the
vibrationally resonant-enhanced DFG signal can be detected.
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If the two incident visible radiations, which are electronically
nonresonant, are linearly polarized and if an appropriate
detection scheme is used, as will be shown in this article, one
can measure a particular vibrational optical activity (see the first
energy level diagram in Figure 1). The other types of VOA-
DFG processes shown in Figure 1 will also be theoretically
discussed in detail in sections IV-VI. The main result will be
summarized in section VII.

II. Model Hamiltonian and DFG Transition Amplitude

From the multipolar expansion form of the radiation-matter
interaction Hamiltonian in the quantum electrodynamics
theory,38,39 we have

Hint )-ε0
-1∫ µiδ(r-R)di

⊥ (r) dV-

∫miδ(r-R)bi(r) dV- ε0
-1∫Qijδ(r-R)∇ jdi

⊥ (r) dV (1)

where µi, mi, and Qij are the electric dipole, magnetic dipole,
and electric quadrupole operators, respectively. Note that only
those terms that are zero and first order with respect to k are
taken into consideration in eq 1 and that the Einstein summation
convention is used. ε0 is the vacuum permittivity. The position
vector of the molecular center is R. V is the quantization volume.
The first term in eq 1 is just the electric dipole-electric field
interaction. The second term describes magnetic dipole-magnetic
field interaction. Finally, the third term represents the interaction
between the electric quadrupole and electric field gradient.
Typically, the last two terms are much smaller than the first
one by 2 to 3 orders of magnitude, and thus they were ignored
in the conventional light absorption and scattering spectroscopy.
However, they play an important role in determining optical
activity of a chiral molecule.39

The mode-expanded transverse electric and magnetic fields
are, respectively,

d⊥ (r)) i∑
k,λ

(pckε0

2V )1⁄2
{ e(λ)(k)a(λ)(k)eik · r - ē(λ)(k)a+(λ)(k)e-ik · r}

b(r)) i∑
k,λ

( pk2ε0cV)1⁄2{ b(λ)(k)a(λ)(k)eik · r - b(λ)(k)a+(λ)(k)e-ik · r}

(2)

where the wavevector of the electromagnetic field is denoted
as k. c is the speed of light. The unit vector of the electric and
magnetic field vectors of the (k,λ) mode are e(λ)(k) and b(λ)(k),
respectively, and they are related to each other as b(λ)(k) ) k̂
× e(λ)(k), where k̂ ) k/|k|. The creation and annihilation
operators of the (k,λ) mode are a+(λ)(k) and a(λ)(k), respectively.
The bar in ej(λ)(k) or bj(λ)(k) means complex conjugate.

Difference frequency generation, as a three-wave-mixing
process, involves interactions with two incident fields and
an interaction with a vacuum field.40 In this article, it will
be assumed that the two incident visible fields are nonresonant
to electronic transitions of chiro-optical chromophores dis-
solved in condensed phases. Denoting the two wavevectors
as k1 and k2, we give the wavevector of the radiated DFG
field, denoted as k3, as k3 ) k1 - k2, because of the phase-
matching condition. Although an incoherent DFG process
where signal intensity is proportional to the number n of
chromophores is also allowed, it is negligibly small in
comparison to that of the coherent DFG signal, which is
proportional to the square of n. Thus, the incoherent DFG
process will not be considered in this article.

A. Transition Amplitude. To calculate the coherent DFG
signal intensity, which is related to the DFG transition prob-
ability, one should first consider corresponding third-order
optical transition amplitude. The initial and final states associated
with the DFG are

|i〉 ) |E0; n1(k1, λ1), n2(k2, λ2)〉

|f〉 ) |E0; (n1 - 1)(k1, λ1), (n2 + 1)(k2, λ2), 1(k3, λ3)〉 (3)

where n1 and n2 are the occupation numbers of the two incident
visible fields. A single photon state of the DFG signal field is
denoted as 1(k3,λ3). Overall, one photon of the k1 field is split
into two photons with k2 and k3 momenta, but the system state
with energy E0 remains the same.

Treating the approximate radiation-matter interaction Hamil-
tonian in eq 1, which is valid up to the first order in k, as a
perturbation, one can find a number of optical transition
pathways contributing to the DFG transition MDFG from |i〉 to
|f〉 . Since the electric quadrupole-electric field and magnetic
dipole-magnetic field interactions are 2 to 3 orders of magni-
tude smaller than the electric dipole-electric field interaction,38

one can expand MDFG with respect to m and Q as

MDFG )MDFG
(0) +MDFG

(1)
(m)+MDFG

(1)
(Q)+ . . . (4)

Here, the zero-order term MDFG
(0) is an all-electric-dipole contribu-

tion, whereas the second and third terms are linearly proportional
to magnetic dipole and electric quadrupole, respectively. In eq
4, we shall ignore the second- and third-order terms with respect
to m and/or Q. Even with this truncation approximation, there
are 42 different transition pathways contributing to the DFG.
Among them, only those that are vibrationally resonant-
enhanced terms will be considered. That is to say, those terms
with ω1 - ω2 = ωV, where ω1 and ω2 are the two incident field
frequencies and ωV is one of the vibrational frequencies, are
included. Since the incident visible radiations are nonresonant
to electronic transitions of the molecular systems of interest,
we shall use the Placzek approximation. Then, we find that the
transition amplitude associated with the DFG, which is again
valid up to the first order in k, is given as

MDFG = i( pc2ε0V)3⁄2
{ n1(n2 + 1)k1k2k3} 1⁄2 ×

[ei
(λ3)(k3)ej

(λ2)(k2)ek
(λ1)(k1)〈�ijk

µR〉 +

1
c

ei
(λ3)(k3)ej

(λ2)(k2)bk
(λ1)(k1)〈�ijk

µG〉 +

1
c

ei
(λ3)(k3)bj

(λ2)(k2)ek
(λ1)(k1)〈�ijk

µG〉 +

1
c

bi
(λ3)(k3)ej

(λ2)(k2)ek
(λ1)(k1)〈�ijk

mR〉 +

iei
(λ3)(k3)ej

(λ2)(k2)ek
(λ1)(k1)kl 〈 �ijkl

µA 〉 -

iei
(λ3)(k3)ej

(λ2)(k2)ek
(λ1)(k1)k'm 〈 �ijkm

µA 〉 -

iei
(λ3)(k3)ej

(λ2)(k2)ek
(λ1)(k1)k''n 〈 �injk

QR 〉 ] (5)

Here, the seven molecular hyperpolarizability tensors in eq 5
are defined as
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�ijk
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s

µi
0sGj jk
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�ijk
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s

mi
0sRjk

s0

Es0 - pω3 + iΓs

�ijkl
µA )∑

s

µi
0sAjkl

s0

Es0 - pω3 + iΓs

�ijkm
µAj )∑

s

µi
0sAj jkm

s0

Es0 - pω3 + iΓs

�injk
QR )∑

s

Qin
0sRjk

s0

Es0 - pω3 + iΓs
(6)

where Γs is the vibrational dephasing constant and the vibrational
ground, and first excited states are denoted as 0 and s,
respectively. µi

0s and mi
0s are the ith vector element of the

transition electric dipole and transition magnetic dipole matrix
elements. In eq 5, kl, kl′, and kl′′ are the lth vector element of
k1, k2, and k3, respectively. The [i,n]th tensor element of the
transition electric quadrupole matrix element is denoted as Qin

0s.
The elements of the polarizability, magnetic dipole-ROA tensors,
Gij

φψ(ω) and Gj ij
φψ(ω), and electric quadrupole-ROA tensors,

Aijl
φψ(ω) and Aj ijl

φψ(ω), are given as14,41

Rij
φψ(ω))∑

r
( µi

φrµj
rψ

Er0 - pω
+

µj
φrµi

rψ

Er0 + pω)
Gij

φψ(ω))∑
r

( µi
φrmj

rψ

Er0 - pω
+

mj
φrµi

rψ

Er0 + pω)
Gj ij

φψ(ω))∑
r

( mi
φrµj

rψ

Er0 - pω
+

µj
φrmi

rψ

Er0 + pω)
Aijl

φψ(ω))∑
r

( µi
φrQjl

rψ

Er0 - pω
+

Qjl
φrµi

rψ

Er0 + pω)
Aj ijl

φψ(ω))∑
r

( Qil
φrµj

rψ

Er0 - pω
+

µj
φrQil

rψ

Er0 + pω) (7)

Here, the summation is over all vibronic states except for the
ground state.

In Figure 2, the respective Feynman diagrams that are
associated with the seven terms in eq 5 are depicted. The first
term in eq 5, which corresponds to diagram (1) in Figure 2, is
all-electric-dipole contribution to MDFG

(0) , since the three
radiation-matter interactions are described by the first term in
eq 1. Diagrams (2)-(4) involve one magnetic dipole-magnetic
field interaction so that they contribute to MDFG

(1) (m). Diagrams
(5)-(7) involve one electric quadrupole-electric field interac-
tion and contribute to MDFG

(1) (Q).
Usually, three-wave-mixing spectroscopy such as SFG and

DFG has been applied to molecular systems with a broken
centrosymmetry, such as adsorbed molecules on surface or at
interface. In this case, since molecules are not randomly oriented,

the transition amplitude in eq 5 should be averaged over such
an orientation distribution. The orientation-averaged all-electric-
dipole term is 2 to 3 orders of magnitude larger than the other
correction terms MDFG

(1) (m) and MDFG
(1) (Q):

MDFG
(0) .MDFG

(1) (m) ≈ MDFG
(1) (Q) (8)

Consequently, the magnetic dipole and electric quadrupole
contributions to the surface SFG and DFG signals were safely
ignored in the interpretations of experimentally measured
spectra.

However, in the case where chiral molecules are dissolved
in an isotropic medium, which is the molecular system of interest
in this article, the inequality in eq 8 is not always valid. In a
solution sample containing chiral molecules, for example, it is
necessary to carry out rotational averages of the third or fourth
rank tensorial hyperpolarizabilities in eq 6 over randomly
oriented molecules. The angle bracket in eq 5 means that the
tensorial quantity inside the bracket should be averaged over
all possible orientations. In the following sections, for a few
beam configurations with specified polarization states of the
incident radiations, we shall present theoretical results for
rotational averaged DFG transition amplitudes and signal
intensities. Before that, the relationship between the DFG
transition amplitude and signal intensity should be discussed
first.

B. DFG Intensity. Once the transition amplitude for a given
DFG is determined, by using Fermi’s golden rule expression,
the transition rate can be calculated by

Figure 1. Energy level diagrams of four different DFG processes. The
first case is when the incident visible radiations and radiated DFG signal
field are linearly polarized. The second (third) case is when the incident
visible-1 (visible-2) radiation is circularly polarized. The fourth case
is when the circularly polarized components of the DFG field are
detected. The molecular quantum states |0〉 and |s〉 are vibrational ground
and excited states, respectively, and |r〉 denotes an electronically
nonresonant virtual state.

Figure 2. Feynman diagrams associated with seven terms in eq 5.
The incoming dashed arrow represents an absorptive interaction,
whereas the outgoing solid arrow describes an emission process.
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Γ) 2π
p

N2|〈MDFG〉 |2Frad (9)

where Frad ) [k3
2V/(8π3pc)] dΩ and Ω is the solid angle. Then,

the coherent DFG signal intensity is given as IDFG ) (dΓ/
dΩ)pck3, so that we have

IDFG ) (N2k3
3V/4π2p)|〈MDFG〉 |2 (10)

Inserting the third-order transition amplitude given in eq 5 into
eq 10, one can obtain the general expression for the coherent
DFG intensity for an arbitrary experimental beam configuration.

III. Linearly Polarized DFG and Perpendicular Detection
Scheme

Among the seven hyperpolarizability contributions in eq 5,
one can selectively measure the all-electric-dipole term by using
a specifically designed experimental configuration discussed in
this section. Let us consider the case where the incident visible-1
and -2 radiations are linearly polarized lights. They cross at the
center of the chiral solution sample at an angle θ as shown in
Figure 3. Without loss of generality, the propagation direction
of the visible-1 radiation is assumed to be parallel to the Z-axis
in a space-fixed frame and its polarization direction is on the
X-axis.35 The propagation direction of the visible-2 radiation is
shown in Figure 3. Thus, the two wavevectors and unit vectors
of the incident radiations are

k1 ) Ẑ

k2 ) X̂ sin θ+ Ẑ cos θ

e(1) ) X̂

e(2) ) X̂ cos θ- Ẑ sin θ (11)

Note that the polarization directions of the two incident beams
are on the X-Z plane. Placing a linear polarizer in between the
sample and a detector, one can selectively measure the Y-
component of the DFG signal field (i.e., e(3) ) Ŷ). Since the
polarization direction of the detected signal field is perpendicular
to those of the incident beams (i.e., e(1) ⊥ e(3) and e(2) ⊥ e(3)),
we shall refer to this experimental geometry as perpendicular
detection scheme.

In this case of linearly polarized (LP) DFG measurement at
a fixed incident beam crossing angle θ, one can carry out the
rotational average of the third- and fourth-rank tensors given
in eq 6 over randomly oriented chiral molecules. It turns out

that only the all-electric-dipole term does not vanish in this case,
and the DFG transition amplitude is given as

〈MDFG〉 )- iC sin θ

12√2
ελµν�λµν

µR (12)

where ελµν is the antisymmetric Levi-Civita tensor:

εXYZ ) εYZX ) εZXY )-εXZY )-εYXZ )-εZYX ) 1 (13)

and

ελµν ) 0 (14)

otherwise.
The constant C in eq 12 is related to the intensities of the

incident visible radiations and defined as

C ≡( pcε0V)3⁄2
{n1(n2 + 1)k1k2k3}

1⁄2 (15)

In eq 12, the subscripts λ, µ, and ν represent one of the
Cartesian coordinate axes in a molecule-fixed frame and �λµν

µR is
the corresponding hyperpolarizability determined in the molecule-
fixed frame. Note that the rotational average of any arbitrary
third-rank tensor, 〈�ijk〉 , is given as 〈�ijk〉 ) εijkελµν�λµν/6, where
i, j, and k represent one of the axes in a space-fixed frame.39

From eq 12 with eq 10, we find that the LP DFG signal intensity
is

ILP-DFG )
C2Vk3

3N2L2(ω3, ω2, ω1)

288π2p
sin2 θ|ελµν�λµν

µR |2 (16)

Here, it is noted that the experimentally measured property is
the DFG susceptibility, not the molecular hyperpolarizability.
When the chromophore concentration is sufficiently low so that
it does not form any molecular aggregates, the DFG susceptibil-
ity is linearly proportional to the relevant molecular hyperpo-
larizability, as 
 ) NL(ω3,ω2,ω1)〈�〉/ε0 where L(ω3,ω2,ω1) )
l(ω3)l(ω2)l(ω1) and l(ω) is the Lorentz local field correction
factor. Thus, the LP DFG signal intensity is proportional to
L2(ω3,ω2,ω1), and in eq 16 N is the molecular number density.

From eq 16, one can find that the LP DFG signal intensity
does not vanish when ελµν�λµν

µR is nonzero, where

ελµν�λµν
µR ) �xyz

µR - �yxz
µR + �yzx

µR - �zyx
µR + �zxy

µR - �xzy
µR (17)

From the definition of �µR in eq 6, eq 17 can be rewritten as

ελµν�λµν
µR )∑

s

1
Es0 - pω3 + iΓs

{ µx
0s(Ryz

s0 -Rzy
s0)+

µy
0s(Rzx

s0 -Rxz
s0)+ µz

0s(Rxy
s0 -Ryx

s0)} (18)

Within the Born-Oppenheimer approximation, the electroni-
cally nonresonant Raman polarizability is a symmetric tensor
so that eq 18 and the resultant LP DFG signal vanish. However,
because of the breakdown of the BO approximation and nonzero
antisymmetric Raman tensor elements, the LP DFG signal can
be detectably large.16,42,43 Nevertheless, this chiral component
is approximately 3 orders of magnitude smaller than the
symmetric Raman tensor elements. Consequently, the LP DFG
field amplitude is likely to be very small by the same factor in
comparison to the all-electric-dipole-allowed surface DFG field
amplitude.16 More specifically, Belkin et al. carried out IR-vis
sum frequency generation (SFG) measurement of C-H stretch
vibrations in limonene liquid and found that the antisymmetric
polarizability tensor elements are ∼1 × 10-53 m3C/V2, whereas
the achiral elements are ∼2 × 10-50 m3C/V2. Since the LP DFG
field amplitude is also proportional to the antisymmetric

Figure 3. Perpendicular detection scheme for the VOA-DFG spec-
troscopy. The incident visible-1 radiation propagates along the labora-
tory Z-axis, and the angle between the visible-1 and -2 propagation
directions is set to be θ. In the cases of the LP, CP-visible-1, and CP-
visible-2 DFG measurements, the Y-component of the DFG field should
be detected. On the other hand, the CP-field-detected DFG involves
linearly polarized visible-1 and -2 radiations and the left or right CP
component of the DFG field is selectively detected.
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polarizability tensor elements, the measured LP DFG signal
intensity is likely to be similar to the IR-vis SFG signal intensity
reported in ref 16. Despite that the circularly polarized IR-vis
SFG and the present LP-DFG are shown to be useful to study
chiral molecules in an isotropic medium, strictly speaking they
are not vibrational optical activity measurement methods. This
is because, by definition, the optical activity is related to the
difference in the response of a chiral molecule for orthogonal
circular polarization states.

IV. DFG with Circularly Polarized Visible Radiations

Instead of using linearly polarized radiations, one can carry
out a few different DFG measurements with circularly polarized
ones. The second experimental scheme shown in Figure 1
corresponds to one of them, where the first radiation (visible-
1) is polarization-modulated between LCP and RCP. The unit
vectors of the LCP and RCP radiations are, respectively, given
as

e(1)(L)) (X̂+ iŶ) ⁄ √2

e(1)(R)) (X̂- iŶ) ⁄ √2 (19)

From the relationship between b and e, (i.e., b ) k̂ × e), we
have b(1)(L) ) - iX̂/�2 + Ŷ/�2 and b(1)(R) ) iX̂/�2 + Ŷ/�2.
Unlike the visible-1, the visible-2 radiation is assumed to be
linearly polarized in this case (i.e., e(2) ) X̂ cos θ - Ẑ sin θ).
Except for this, the beam configuration and detection scheme
is identical to that used for the LP DFG measurement discussed
in the previous section. Then, for the LCP and RCP visible-1
measurements, the rotationally averaged DFG transition am-
plitudes are found to be

〈MDFG(L/R)〉 )- iC
24

sin θελµν�λµν
µR -

C
24c

sin θελµν�λµν
µG -

C
24c

(k̂3X cos θ+ k̂3Z sin θ)ελµν�λµν
mR (

ik1C

4
sin θIYZYZ,λµνπ

(4) �λµνπ
µA (

ik2C

4
cos θ sin θ{ IYXYX,λµνπ

(4) -

IYZYZ,λµνπ
(4) } �λµνπ

µAj -
ik3C

4 { k̂3Z sin θIYZZY,λµνπ
(4) -

k̂3X cos θIYXXY,λµνπ
(4) } �λµνπ

QR (20)

On the right-hand side of eq 20, the upper (lower) signs
correspond to the case where the incident visible-1 is LCP
(RCP). We shall use this sign notation throughout this article.
The unit vector of k3 was denoted as k̂3, and k̂3Z, and k̂3X, which
are the Z and X components of k̂3, are given as

k̂3X )
-k2 sin θ

√k1
2 + k2

2 - k1k2 cos θ

k̂3Z )
k1 - k2 cos θ

√k1
2 + k2

2 - k1k2 cos θ
(21)

For randomly oriented chiral molecules in an isotropic
medium, the rotationally averaged fourth-rank tensor element
Tijkl

(4) in a space-fixed frame is related to the corresponding fourth-
rank tensor elements in a molecule-fixed frame as

Tijkl
(4) ) Iijkl,λµνπ

(4) tλµνπ
(4) (22)

The indices i, j, k, and l represent one of the axes X, Y, and Z
in a space-fixed frame, whereas λ, µ, ν, and π are the axes x, y,

and z in a molecule-fixed frame. The connection term Iijkl,λµνπ
(4)

in eq 22, which was obtained by considering rotational averages
of direction cosines, is given as39

Iijkl,λµνπ
(4) ) 1

30
(δijδkl δikδjl δilδjk )( 4 -1 -1

-1 4 -1
-1 -1 4

)(δλµδνπ
δλνδµπ
δλπδµν

)
(23)

Now, let us examine the result in eq 20 in more detail. In
addition to the all-electric-dipole contribution �λµν

µR , one should
take into account five more transition pathways contributing to
the DFG transition amplitude in the present case. However, only
three of them are quantitatively large so that the remaining terms
can be ignored, as shown below. First, let us consider the second
term in eq 20. In the far-from-resonance limit, the magnetic
dipole-ROA tensors G and Gj are known to be symmetric.
However, since the Levi-Civita tensor is antisymmetric with
respect to the exchange of any two indices, the second term in
eq 20 vanishes. Second, let us consider ελµν�λµν

mR in the third term
of eq 20. Note that

ελµν�λµν
mR ) (�xyz

mR- �yxz
mR)+ (�yzx

mR- �zyx
mR)+ (�zxy

mR- �xzy
mR) (24)

Although, because of the breakdown of the BO approxima-
tion, the antisymmetric Raman tensor elements such as Rxy -
Ryx can be nonzero, these values of chiral molecules are typically
very small. Furthermore, ελµν�λµν

mR is linearly proportional to the
magnetic dipole, which is another small factor. Thus, the third
term including ελµν�λµν

mR in eq 20 is likely to be 2 to 3 orders of
magnitude smaller than the all-electric-dipole term in the same
equation. Thus, it will be ignored hereafter. The fifth term in
eq 20 has {IYXYX,λµνπ

(4) - IYZYZ,λµνπ
(4) }�λµνπ

µAj . From the definition of
Iijkl,λµνπ

(4) in eq 23, we have the following equality:

IYXYX,λµνπ
(4) �λµνπ

µAj ) IYZYZ,λµνπ
(4) �λµνπ

µAj (25)

which suggests that the fifth term vanishes.
Consequently, the transition amplitude of the DFG process

when the incident visible-1 field is CP is simplified as

〈MDFG(L/R)〉 )- iC
4 { 1

6
sin θελµν�λµν

µR -

k1 sin θIYZYZ,λµνπ
(4) �λµνπ

µA ( k3Pλµνπ�λµνπ
QR } (26)

where Pλµνπ is defined as

Pλµνπ ) k̂3Z sin θIYZZY,λµνπ
(4) - k̂3X cos θIYXXY,λµνπ

(4) )

k1 sin θ

√k1
2 + k2

2 - k1k2 cos θ
IYZZY,λµνπ
(4) (27)

Therefore, the LCP- and RCP-visible-1 DFG signal intensities
are

I(L/R))
C2Vk3

3N2L2

64π2p
{ 1

36
sin2 θ|ελµν�λµν

µR |2 +

k1
2 sin2 θ|IYZYZ,λµνπ

(4) �λµνπ
µA |2 +

k3
2|Pλµνπ�λµνπ

QR |2-
1
3

k1 sin2 θRe[ελµν�λµν
µR IYZYZ,φ
θF

(4) �jφ
θF
µA ](

1
3

k3 sin θRe[ελµν�λµν
µR Pφ
θF�jφ
θF

QR ]-

2k1k3 sin θRe[IYZYZ,λµνπ
(4) �λµνπ

µA Pφ
θF�jφ
θF
QR ]} (28)

The first three terms are related to the transition probabilities
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associated with the three transition amplitudes in eq 26.
However, there are additional interference terms, which are the
last three terms in eq 28.

From the conventional definition of the optical activity, which
is the differential optical interactions of left and right circularly
polarized radiations by chiral molecules, we shall consider the
circular intensity difference (CID) defined as

∆I ≡ I(L)- I(R) (29)

Here, it should be noted that the conventional definition of ROA
is, however, IROA ≡ IRaman(R) - IRaman(L). In the case of the
CP-visible-1 DFG, the CID is found to be

∆I)-
C2Vk3

3N2L2

96π2p
{ k1 sin2 θRe[ελµν�λµν

µR IYZYZ,φ
θF
(4) �jφ
θF

µA ]-

k3 sinθRe[ελµν�λµν
µR Pφ
θF�jφ
θF

QR ]}

)-
C2Vk3

3N2L2

96π2p
k1 sin2 θRe ×

[ελµν�λµν
µR IYZYZ,φ
θF

(4) { �jφ
θF
µA -

k3

√k1
2 + k2

2 - k1k2 cos θ
�jφ
θF

QR } ]
(30)

It is interesting to note that only the two interference terms
contribute to the circular intensity difference signal for the CP-

visible-1 DFG measurement. At θ ) 90°, since k3/√k1
2 + k2

2 ≈
10-1 - 10-2, the second term in the curly bracket of eq 30 can
be negligibly smaller than the first one.

Because of the nonzero antisymmetric Raman tensor ele-
ments, the all-electric-dipole term ελµν�λµν

µR does not vanish for
chiral molecules in solution. In addition, the rotational averages
of the fourth-rank tensors, IYZYZ,φ
θF

(4) �jφ
θF
µA and IYZYZ,φ
θF

(4) �jφ
θF
QR , which

involve an electronic transition quadrupole moment and a
vibrational transition quadrupole moment, respectively, can be
nonzero. More specifically, the magnitudes of the A-tensor
elements or electric quadrupole moments are typically ∼10-2

(fine structure constant) times as large as those of achiral
polarizability tensor elements. Thus, two terms IYZYZ,φ
θF

(4) �jφ
θF
µA

and IYZYZ,φ
θF
(4) �jφ
θF

QR are similar to the all-electric-dipole term
ελµν�λµν

µR . Thus, the CID signal in eq 30 is quantitatively similar
to the LP-DFG signal whose intensity is close to the IR-vis
SFG signal from chiral liquid limonene reported in ref 16. As
a result, the CID signal for the CP-visible-1 DFG can provide
information on the chirality of a given molecular system in an
isotropic medium.

V. DFG with Circularly Polarized Visible-2 Radiation

The third energy level diagram in Figure 1 is the case where
the second incident visible-2 radiation is CP, whereas the
visible-1 is linearly polarized. The experimental beam config-
uration and detection scheme is identical to the case of the LP
DFG measurement. In this case, we have e(2)(L) ) cos θX̂/�2
+ iŶ/�2 - sin θẐ/�2 and b(2)(L) ) -i cos θX̂/�2 + Ŷ/�2 +
i sin θẐ/�2 By following the same procedure used to obtain
eq 26, one can find that, for the LCP- and RCP-visible-2 DFG
processes, the corresponding transition amplitudes are

〈MDFG(L/R)〉 )- iC
24

sin θελµν�λµν
µR (

C
24c

sin θελµν�λµν
µGj -

C
24c

k̂3Xελµν�λµν
mR -

ik2C

4
sin θIYYXX,λµνπ

(4) �λµνπ
µAj -

ik3C

4
k̂3XIYXYX,λµνπ

(4) �λµνπ
QR (31)

The second term in eq 31 vanishes because of the symmetric
or antisymmetric properties of G, Gj , and Levi-Civita ε. The
third term is negligibly small in comparison to the first term.
Thus, eq 31 is approximately given as

〈MDFG(L/R)〉 )- iC
4 { 1

6
sin θελµν�λµν

µR (

k2 sin θIYYXX,λµνπ
(4) �λµνπ

µAj ( k3k̂3XIYXYX,λµνπ
(4) �λµνπ

QR } (32)

From this transition amplitude, we find that the circular intensity
difference signal for the present case is

∆I)
C2Vk3

3N2L2

96π2p
{ k2 sin2 θRe[ελµν�λµν

µR IYYXX,φ
θF
(4) �jφ
θF

µAj ]+

k3k̂3X sin θRe[ελµν�λµν
µR IYYXX,φ
θF

(4) �jφ
θF
QR ]}

)
C2Vk3

3N2L2

96π2p
k2 sin2 θ ×

Re[ελµν�λµν
µR IYYXX,φ
θF

(4) { �jφ
θF
µAj -

k3

√k1
2 + k2

2 - k1k2 cos θ
�jφ
θF

QR } ]
(33)

This result is slightly different from that of the CP-visible-1
DFG, which is given in eq 30. Other than a few constant factors,
the CP-visible-2 DFG is related to the electric quadrupole-ROA
tensor Aj , whereas eq 30 is related to A.

VI. Circularly Polarized Field-Detected DFG

Instead of using CP radiations to carry out VOA-DFG
measurements, one can in principle detect the LCP and RCP
components of the radiated DFG signal field, even though the
two incident radiations are linearly polarized. Then, the unit
vectors of the electric and magnetic field vectors, e(3)(L) and
b(3)(L), when the LCP component of the radiated DFG signal
electromagnetic field is detected, are e(3)(L) ) -ik̂3ZX̂/�2 +
Ŷ/�2 + ik̂3XẐ/�2 and b(3)(L) ) -k̂3ZX̂/�2 - iŶ/�2 + k̂3XẐ/
�2, respectively. This is the last case shown in Figure 1. The
CP-field-detected DFG transition amplitudes are, then, found
to be

〈MDFG(L/R)〉 )- iC
24

sin θελµν�λµν
µR ( C

24c
(k̂3X cos θ-

k̂3Z sin θ)ελµν�λµν
µG -

C
24c

k̂3Xελµν�λµν
µGj -

C
24c

sin θελµν�λµν
mR (

ik1C

4
Qλµνπ�λµνπ

µA (
ik2C

4
Rλµνπ�λµνπ

µAj (
ik3C

4
Sλµνπ�λµνπ

QR (34)

Here, the auxiliary functions resulting from the rotational
averaging calculations are defined as

Qλµνπ ) k̂3Z sin θIXZXZ,λµνπ
(4) + k̂3X cos θIZXXZ,λµνπ

(4) (35)

Rλµνπ ) k̂3Z cos θ sin θIXXXX,λµνπ
(4) + k̂3X sin2 θIZZXX,λµνπ

(4) -

k̂3X cos2 θIZXXZ,λµνπ
(4) - k̂3Z cos θ sin θIXZXZ,λµνπ

(4) (36)
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Sλµνπ ) k̂3Xk̂3Z cos θIXXXX,λµνπ
(4) + k̂3X

2 sin θIZXZX,λµνπ
(4) -

k̂3Xk̂3Z cos θIZZXX,λµνπ
(4) - k̂3Z

2 sin θIXZZX,λµνπ
(4) (37)

Invoking the same approximations mentioned in section IV, one
can find that the transition amplitude is determined by four
dominant terms:

〈MDFG(L/R)〉 )- iC
4 { 1

6
sin θελµν�λµν

µR -

k1Qλµνπ�λµνπ
µA - k2Rλµνπ�λµνπ

µĀ - k3Sλµνπ�λµνπ
QR } (38)

From the transition amplitudes given above, the corresponding
homodyne-detected DFG signals can be obtained as

I(L/R))
C2Vk3

3N2L2

64π2p
{ 1

36
sin2 θ|ελµν�λµν

µR |2 +

k1
2|Qλµνπ�λµνπ

µA |2 + k2
2|Rλµνπ�λµνπ

µAj |2

+k3
2|Sλµνπ�λµνπ

QR |2-
1
3

k1 sin θRe[ελµν�λµν
µR Qφ
θF�jφ
θF

µA ]-

1
3

k2 sin θRe[ελµν�λµν
µR Rφ
θF�jφ
θF

µAj ] -

1
3

k3 sin θRe[ελµν�λµν
µR Sφ
θF�jφ
θF

QR ]+

2k1k2Re[Qλµνπ�λµνπ
µA Rφ
θF�jφ
θF

µAj ]+

2k1k3Re[Qλµνπ�λµνπ
µA Sφ
θF�jφ
θF

QR ]+

2k2k3Re[Rλµνπ�λµνπ
µAj Sφ
θF�jφ
θF

QR ]} (39)

The circular intensity difference signal is, thus, given as

∆I)-
C2Vk3

3N2L2

96π2p
sin θ{k1Re[ελµν�λµν

µR Qφ
θF�jφ
θF
µA ]+

k2Re[ελµν�λµν
µR Rφ
θF�jφ
θF

µAj ]+ k3Re[ελµν�λµν
µR Sφ
θF�jφ
θF

QR ]} (40)

The nonlinear optical activity that can be extracted from the
CP-field-detected DFG is determined by three interference terms.
The DFG electric field generated by the nonzero chiral all-
electric-dipole hyperpolarizability ελµν�λµν

µR interferes with the
three fields produced by other hyperpolarizabilities involving
one electric quadrupole transition.

As discussed in this and previous sections, we considered
three different VOA-DFG schemes that are different from one
another by the polarization state of the three radiations involved
in a DFG process. Only one of the three radiations is circularly
polarized. However, it could be possible to consider other
possibilities where all three radiations are either left or right
circularly polarized. In relation to these possibilities, it is noted
that there are four forms of ROA and they are incident circular
polarization ROA, scattered circular polarization ROA, and in-
phase and out-of-phase dual circular polarization ROAs (see
ref 4). The latter two cases correspond to the ROA measure-
ments when both of the incident and scattered radiations are
circularly polarized. Similarly, in the present case of circularly
polarized DFG schemes, it will be possible to measure the all-
LCP or all-RCP ROA signals where not only the two incident
visible radiations but also the generated DFG field are circularly
polarized. These types of VOA-DFG methods are currently
under investigation.

VII. Concluding Remarks and Summary

In the present article, we considered the VOA-DFG spec-
troscopy for chiral molecules in solutions theoretically. Depend-
ing on the polarization states of the incident and detected signal
fields, one can measure the DFG susceptibility originating from
the chiral all-electric-dipole hyperpolarizability or from interfer-
ences between that and other hyperpolarizabilities involving an
electric quadrupole transition. Since the DFG signal can be
resonantly enhanced when the difference frequency is close to
one of the vibrational frequencies of a given chiral molecule in
solution, the present DFG measurement technique can be
considered as a Vibrational optical activity measurement tool.

In Scheme 1, the one-to-one correspondence relationships
between the conventional vibrational spectroscopic methods and
the vibrational optical activity measurement methods are shown.
In the cases of the IR absorption and Raman scattering, the
spectra are related to the dipole-dipole and polarizability-
polarizability time-correlation functions (TCF) via Fourier
transformations. The IR-vis SFG susceptibility is related to the
Fourier transform of dipole-polarizability TCF. Similarly, the
vibrationally resonant DFG susceptibility can also be described
in terms of the polarizability-dipole TCF. These four different
vibrational spectroscopic methods in the left box of Scheme 1
are, however, not sensitive to molecular chirality or handedness.
On the other hand, those on the right-hand side of Scheme 1
are optical activity measurement techniques. The VCD is related
to the cross TCF of electric dipole and magnetic dipole
moments. The ROA is determined by the cross TCFs of
polarizability and various ROA tensors. The circularly polarized
IR-vis SFGs discussed in refs 34 and 35 were found to be
determined by both chiral component of the dipole-polarizability
TCF as well as polarizability-electric quadrupole TCF. In the
present work, we showed that, in addition to the VOA
measurements such as VCD, ROA, and CP IV-SFG, the
circularly polarized VOA-DFG can be a useful and comple-
mentary tool for studies of nonlinear optical activity of chiral
molecules in solutions.
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